Abstract. Let u ¡ v denote the set of all shuffles of the words u and v . It is shown that for each integer n ≥ 3 there exists a square-free ternary word u of length n such that u ¡ u contains a square-free word. This property is then shown to also hold for infinite words, i.e., there exists an infinite square-free word u on three letters such that u can be shuffled with itself to produce an infinite square-free word w ∈ u ¡u.
Introduction
Let u and v be words over a finite alphabet Σ. We let u ¡v = {u 1 v 1 · · ·u n v n | u = u 1 u 2 · · ·u n , v = v 1 v 2 · · ·v n (u i , v i ∈ Σ * )} be the set of all shuffles of u and v . This definition extends to infinite words in a natural way. In this paper we consider avoidance of repetitiveness among the shuffled words. This topic was studied, e.g., by Prodinger and Urbanek [12] in 1979 while they considered squares in the shuffles of two words; see also Currie and Rampersad [6] and Rampersad et al. [13] .
In Charlier et al. [4] the authors considered self-shuffling of infinite words. In this problem setting shuffling is applied to an infinite word w such that w ∈ w ¡w.In [4] a short and elegant proof is given for the fact that the Fibonacci word can be selfshuffled, and a longer proof is provided for the self-shuffling property of the ThueMorse word.
In this paper we are interested in finite and infinite square-free words w that can be obtained by shuffling two square-free words, u and v , i.e., w ∈ u ¡v. We show first that for each integer n ≥ 3 there exists a square-free ternary word u such that u ¡u contains a square-free word (of length 2n ). Next it is shown that there exists an infinite square-free word u on three letters such that u can be shuffled with itself to produce an infinite square-free word w ∈ u ¡u.The existence of self-shuffled words remains an open problem, but we are able to show that there are infinite square-free words u and w that can be shuffled to produce u again, i.e., u ∈ u ¡w.
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Preliminaries
For each positive integer n , let Σ n = {0, 1, . . . , n − 1} be a fixed alphabet of n letters. We shall be needing only small alphabets. Let u 0 , u 1 ∈ Σ * be words over an alphabet Σ and let β ∈ Σ * 2 be a binary word of length |β | = |u 0 | + |u 1 |, called a conducting sequence, such that the number of the letter i ∈ Σ 2 in β is equal to the length |u i |. While forming the shuffle w = u 0 ¡ β u 1 of u 0 and u 1 conducted by β , at step i the sequence β will choose the first unused letter from u 0 if β (i ) = 0 or the first unused letter from u 1 if β (i ) = 1. That is, the i th letter w (i ) of w becomes defined by
This definition can be extended to infinite words u , v ∈ Σ in a natural way. Now u ¡ β v ∈ Σ is an infinite word obtained by shuffling u and v conducted by the sequence β ∈ Σ 2 , where one requires that β contains infinitely many occurrences of both 0 and 1. 
⊓ ⊔
Example 2. A shuffled word w = u ¡ β u can be obtained in more than one way from a single word u using different conducting sequences. To see this, let, e.g., u = 012102010212 and choose
Then w = u ¡ β1 u = u ¡ β2 u = 012102010210121020120212. In this example the words u and w are even square-free.
A finite or infinite word w over an alphabet Σ is square-free if it does not have factors of the form u 2 = u u for nonempty words u . A hundred years ago Axel Thue constructed an infinite square-free word on three letters. One example of such a word, see Hall [8] or Lothaire [11] , is the fixed point of the Hall morphism
The iteration of τ on 0 gives a square-free word
Let h : Σ * → ∆ * be a morphism of words. It is k -uniform if |h(a )| = k for all a ∈ Σ. Also, h is square-free, if it preserves square-freeness of words, i.e., if v ∈ Σ * is squarefree, then so is the image h(v ) ∈ ∆ * .
A (monoid) morphism h : Σ * → 2 ∆ * from word monoid to a power monoid of words is called a substitution. A substitution h is said to be square-free if for all squarefree w ∈ Σ * , the image h(w ) consists of square-free words only.
The following result is due to Crochemore [5] improving a result of Bean et al. [1] ; see also Lothaire [11] . 
Shuffles of Finite Words
Example 3. The shuffled word u ¡ β u can be square-free even if u is not so. For instance, if u = (012) 2 then the following shuffled words are square-free:
⊓ ⊔
In [9] the first author asked whether for each n ≥ 3, there exists a square-free word u of length n such that u ¡ β u is square-free for some β . We give an affirmative answer to this question after a short technical lemma that will be used in our construction:
is square-free.
Proof. Note that the words in h(a ), a ∈ Σ 3 , have lengths 17 and 18. The substitution h has the following three properties, which are easy to check:
Assume towards a contradiction that w is square-free, but w ′ ∈ h(w ) contains a square u u . A simple inspection shows that h produces no square u u with |u | ≤ 52, as this would be contained inside the image of a square-free word of length 8, and we can check all of these. Therefore, assume that |u | > 52, so that u contains at least two full images of a letter under h. Let now (2), we get that w
As (2) also shows that h is injective, we have w 1 = w j +2 , . . . , w j = w n . Furthermore, by property (3) we have w 0 = w j +1 , and thus a square (w 0 · · ·w j ) 2 in w . This proves the claim.
The following result is clear, and it follows the idea of Charlier et al. [4] .
Lemma 2. Let u be a square-free word that can be shuffled to a square-free word
u ¡ β u = u 1 u ′ 1 u 2 u ′ 2 · · ·u n u ′ n ,
and let h be a square-free morphism or substitution, then h(u ) can also be shuffled with itself to get the square-free word h(u
Theorem 2. For each n ≥ 3, there exists a square-free word w n ∈ Σ * 3 of length n such that w n ¡ β w n is square-free for some β .
Proof. First of all, if u ∈ Σ * 3 is any non-empty square-free word, then u 34 ∈ Σ * 5 is also square-free. Furthermore, for β = 0 |u |+1 1 |u | 011, we have u 34 ¡ β u 34 = u 3u 434, which is obviously square-free as well. Thus, there exist square-free words v ∈ Σ * 5 of length n such that v ¡ βn v is square-free for β n = 0 n−1 1 n−2 011 for each n ≥ 3.
We map these to words in Σ * 3 of length 18n for all n ≥ 3 using an 18-uniform square-free morphism from Σ * 5 to Σ * 3 due to Brandenburg [2] . Applying the substitution h from Lemma 1 to the result, we construct words with the desired property of all integer lengths in the intervals [18 · 17 · n , 18 · 18 · n ] for all n ≥ 3. We notice that for n ≥ 17, the intervals obtained from n and n +1 intersect. Therefore this construction produces square-free words in Σ * 3 of all lengths ≥ 18 · 17 · 17 = 5202, that can be shuffled with themselves to get a square-free word. What is more, Brandenburg [2] found also a 22-uniform square-free morphism from Σ h 24 (0) = 010201202101201020120212
Square-freeness of these morphisms is proven using Theorem 1. With the construction above and these morphisms, we find square-free words w n ∈ Σ * 3 that can be shuffled with themselves to get a square-free word for each length n , where
Furthermore, Currie [7] constructed k -uniform square-free morphisms for all k ≥ 11, except for k ∈ {14, 15, 16, 20, 21, 22}. Using these we construct square-free words with the desired property for all n that are divisible by some d ≥ 11 and d / ∈ {14, 15, 16, 20, 21, 22}, and n /d ≥ 3 from the word w n/d . Combining all these results, there are only 335 values left, for which a squarefree word w n ∈ Σ * 3 that can be shuffled with itself to get a square-free word must be explicitly constructed. Words of the lengths we found by a computer search, see the table in the Appendix.
⊓ ⊔
Shuffling Infinite Square-Free Words
After some preliminaries and examples around the problem we shall prove the following theorem.
Theorem 3.
There exists an infinite square-free word u on three letters and a conducting sequence β ∈ Σ 2 such that u ¡ β u is square-free.
Proof. We observe first that if β 1 and β 2 are conducting sequences with β 1 finite in length and containing equally many 0's and 1's, then
The words to be shuffled will be the images of the 12-uniform morphism ρ :
Each word ρ(i ) is square-free, but the morphism ρ is not square-free. Indeed, ρ (12) , ρ(20) and ρ(30) contain squares. For instance, ρ(20) = 01210 · (201021) 2 · 0120212. For this reason, we need a morphism α that will fix this problem. It will be defined below. Each of the words ρ(i ), for i = 0, 1, 2, 3, can be shuffled to obtain a square-free Table 1 .
Next, let the uniform morphism α: Σ * 3 → Σ * 4 be defined by
Notice that, for any w ∈ Σ * 3 , the image α(w ) avoids the 'forbidden' words 12, 20 or 30. Also, the word 10 occurs in α(w ) only as a prefix of each α(a ) for a ∈ Σ 3 . It is then easy to prove, and it also follows by applying Theorem 1, that the morphism α is square-free.
Finally, we combine the above morphisms to obtain B,S : Σ * 3 → Σ * 3 by letting
The images of the words B (i ) are:
The lengths of these words are 48. The images of the shuffled words are of length 96:
·2120102101202120102012102010210121020120212 . Now, Theorem 1 and a computer check verify that the morphisms B and S are squarefree. Hence if w = i 1 i 2 · · · is an infinite square-free ternary word in Σ 3 , then both B (w ) and S(w ) are square-free. By the constructions of B and S, we have
Then
and inductively using (2), we find that β = β α(i 1) β α(i 2 ) · · · is a conducting sequence such that S(w ) = B (w ) ¡ β B (w ). This proves the claim.
⊓ ⊔ We also observe that the words B (0), B (1) and B (2) have equally many each of the letters, and therefore these words are Abelian equivalent.
Corollary 1. There exist infinite square-free ternary words that are Abelian periodic.
A simpler solution to Corollary 1 was given in [10] , where an infinite square-free ternary word was constructed that has Abelian period equal to three.
Infinite "Almost" Self-Shuffling Words
In the previous section, we studied words u that can be shuffled with themselves to get another square-free word w = u ¡ β u for some β . Now, we alter the problem slightly, and study whether a square-free word u can be shuffled with another squarefree word w to get u . Since |u ¡ β w | = |u | + |w | for all conducting sequences β , this is not possible for finite words, unless w = ǫ, which is trivial. The following theorem shows that this is however possible for infinite words: Both h and the morphism h ′ that is obtained by deleting the bold-face letters from every image are square-free by Theorem 1. Furthermore, the sequence of bold-face letters in u equals u . Let now w be the word that consists of the non-boldface letters.
As w = h ′ (u ), it is square-free, and furthermore u = u ¡ β w for β = (0 6 10 11 ) ω . ⊓ ⊔ 6 Open questions Problem 1. Which square-free words u can be shuffled to obtain a square-free word
Problem 2. Characterize the words u that can be shuffled to a unique square-free word u ¡ β u ? Problem 3. Which words w can be obtained in more than one way from a single word u using different conducting sequences?
Example 4. The same square-free word can be shuffled to produce different squarefree words; see Table 2 . As one can see there u = 01021201 gives rise to three squarefree words β i (u ), but, e.g., u = 01201021 gives rise to a single one. The rest of the square-free words of length eight with prefix 01 do not shuffle to any square-free word.
⊓ ⊔ Table 2 . Square-free words u of length 8 with a prefix 01 having a square-free shuffle u ¡ β u .
(Missing items for u mean that they are the same as in the above line)
Example 5. Square-free words w that are shuffles of w = u ¡ β u of square-free u seem to be relatively few compared to the number of all square-free words. This is natural since if w = u ¡ β u then w must contain an even parity of each of the letters, and therefore a square-free w v cannot be obtained as a shuffle for any v of length |v | ≤ 5. Also, the number of different square-free words u for which there exists β such that u ¡ β u is square-free is much lower. Table 3 gives values for small lengths of w .
⊓ ⊔
The converse of Problem 1 reads as follows.
Problem 4.
Which square-free words w are shuffles of square-free words: w ∈ u ¡u?
One might ask if the word u in Theorem 4 could be any square-free word u :
Problem 5 (due to I. Petrykiewicz).
For any square-free word u ∈ Σ 3 , does there exist a square-free word w ∈ Σ 3 , such that u = u ¡ β w for some β ?
A similar question can be asked with respect to Theorem 3: For any square-free word u ∈ Σ 3 , does there exist a β , such that u ¡ β u is square-free? Here, the answer is negative: Example 6. Let u be the lexicographically smallest square-free word. This is certainly a Lyndon word. According to [4] , for every conducting sequence β , the word u ¡ β u is lexicographically strictly smaller than u and thus not square-free.
⊓ ⊔
The next question involves self-shuffling.
Problem 6. Does there exist an infinite square-free word w such that w = w ¡ β w for some infinite β ?
Note that the Hall word t is an infinite Lyndon word, and thus, by [4] it is not self-shuffled.
Example 7. According to [4] , no infinite aperiodic Lyndon word can be self shuffled. However, finite square-free Lyndon words can be shuffled to obtain other squarefree Lyndon words. For this, consider u = 01202102. It can be shuffled to obtain w = 0102120210201202 by using the conducting sequence β = 0010111110010100. Note, however, that w < u in the lexicographic ordering.
It was recently shown [3, 14] that given a word w , it is generally NP-complete to decide if there is a word u such that w = u ¡ β u for some β . This suggests the following question:
Problem 7. Given a square-free word w , how hard is it to decide whether w = u ¡ β u for some β and some square-free word u ?
In the following table, an entry 
